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We show in detail how the Schwarzschild-Tangherlini metric of a point particle in arbitrary di-
mensions can be derived from a scattering amplitude to all orders in GN in covariant gauge (i.e.
Rξ-gauge) with a generalized de Donder-type gauge function, Gσ. The metric is independent of the
covariant gauge parameter ξ and obeys the classical gauge condition Gσ = 0. We explicitly compute
the metric to second order in GN where gravitational self-interactions become important. Interest-
ingly, after generalizing to arbitrary dimension, a logarithmic dependence on the radial coordinate
appears in space-time dimension D = 5.
I. INTRODUCTION
The classical limit of effective quantum gravity is a
successful description of general relativity. Here, quan-
tum field theoretic methods are used to derive results in
classical general relativity [1–9]. In this approach gravita-
tional interactions are mediated by spin-2 gravitons and
general relativity is recast in the language of quantum
field theory [10].
The field theoretic description of gravity is easily gener-
alized to arbitrary space-time dimensions, D [11–14]. Al-
ready when working with Einstein gravity inD = 4, if the
dimensional regularization scheme is used, it is to some
extent necessary to work with an arbitrary dimension D
when pursuing the field-theoretic framework. A classic
result is the Schwarzschild-Tangherlini metric which de-
scribes the gravitational field of a neutral non-rotating
point particle.
The quantum field description of gravity has given new
insights into the gauge theory of gravity. A well known
example is the double-copy nature of gravity in terms
of Yang-Mills gauge theory [15]. Interest in the gauge
freedom of gravity has led to the study of new pertur-
bative gauges and field redefinitions which e.g. can be
used to reduce the complexity of the Feynman rules or
make apparent the double copy nature of gravity [16, 17].
In general, these studies give hope that a thorough un-
derstanding, and exploitation, of the gauge freedom of
gravity will result in simplifications of the complicated
tensor structure of quantum gravity and possibly offer
an improved starting point from which to continue inves-
tigations into quantum corrections.
In this paper, we analyze the quantum field theoretic
expansion of the Schwarzschild-Tangherlini metric from a
series of Feynman diagrams with an ever-increasing num-
ber of loops. Such an all-order expansion was suggested
in [2] where it was shown how the loop integrals can be
reduced in the classical limit. Already, such expansions
have been done to second [12, 18] and third [3] order in
the gravitational constant GN .
∗ vhp485@alumni.ku.dk
Our analysis uses a novel generalized gauge fixing func-
tion which combines harmonic gauge, gµνΓσµν = 0, and
the linearized version de Donder gauge, ∂µh
µ
σ =
1
2∂σh.
Working all the time in arbitrary dimensions D we use
covariant gauge (i.e. Rξ-gauge) so that our analysis
depends on the arbitrary parameter ξ. This approach
clearly demonstrates how the classical limit depends on
the quantum gauge fixing procedure.
The standard coordinates of the Schwarzschild-
Tangherlini metric are spherical and not of the perturba-
tive kind used in effective quantum gravity. Perhaps the
most well-known perturbative gauge is harmonic gauge.
In space-time dimension D = 4 analytic results in har-
monic gauge to all orders in GN are known [13, 19]. How-
ever in dimensions D 6= 4 and in de Donder gauge an-
alytic results are rare. In [3] we find the metric in de
Donder gauge to third order in GN and in [12] we find
it, also, in de Donder gauge in arbitrary dimensions D to
second order in GN .
After presenting general formulas relating the
Schwarzschild-Tangherlini metric to scattering ampli-
tudes we explicitly compute the metric to second order
in GN . This gives a new general result for the perturba-
tive expansion of the Schwarzschild-Tangherlini metric in
the generalized gauge including both de Donder and har-
monic gauge in arbitrary dimensions. As a consistency
check, in appendix B we compare the amplitude approach
with a derivation using only methods from classical gen-
eral relativity.
In space-time dimension D = 5 we find the curious
appearance of a logarithmic dependence on the radial
variable at second order in GN . This is analogous to the
case in [3] in D = 4 at third order in GN . We explain
how the arbitrary scale thus introduced corresponds to
a coordinate transformation which is allowed because of
redundant gauge freedom. From this explanation it is
expected that the appearance of logarithmic dependence
is limited to D = 5 at second and higher orders in GN
and D = 4 at third and higher orders in GN .
The paper is organized as follows. In Sec. II we discuss
the gauge-fixed action and the generalized de Donder-
type gauge function in detail. We consider the Feynman
rules and present the graviton propagator in covariant
gauge. Then, in the first part of Sec. III we consider gen-
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2eral ideas of the all order expansion of the Schwarzschild-
Tangherlini metric in terms of scattering amplitudes. In
the subsections III A and III B we compute the first and
second order contribution to the metric, respectively. In
Sec. IV we discuss the appearance of logarithms in the
metric. There are two appendices. First, in appendix A
we present the relevant Feynman rules for our computa-
tions. Second, in appendix B we go through the alter-
native derivation of the expansion of the Schwarzschild-
Tangherlini metric.
II. COVARIANT AND GENERALIZED GAUGE
FIXING
We work with the Einstein-Hilbert action minimally
coupled to a scalar field together with the covariant gauge
fixing term:
S =
∫
dDx
√−g
(2R
κ2
+ Lφ
)
+
∫
dDx
ηµνGµGν
κ2ξ
. (1)
Here κ2 = 32piGN and Lφ = 12 (gµν∂µφ∂νφ−m2φ2) and
we use the mostly minuses metric. Also, ξ is the covari-
ant gauge-parameter. Additionally, from the path inte-
gral gauge fixing procedure, there would be a ghost term
which we, however, will not consider since it does not
contribute in the classical limit.
We choose a de Donder-type family of gauge functions
Gσ which depend on the arbitrary parameter α:
Gσ = (1− α) ∂µ(hµσ −
1
2
ηµσh
ν
ν) + α g
µνΓσµν . (2)
Here hµν = gµν − ηµν and indices on hµν are raised and
lowered with the flat space metric. The index on Γσµν
was lowered with gµν .
Note the details of this gauge function. When α = 0
we have de Donder gauge, ∂µ(h
µ
σ − 12ηµσh) = 0 and when
α = 1 we have harmonic gauge gµνΓσµν = 0. Here we
have used similar terminology as [16]. Any choice of α,
however, results in a valid gauge choice of the same gen-
eralized type as discussed in [16]. When Gσ is expanded
in hµν the linear term is independent of α while the non-
linear terms are linear in α. Thus, the gauge parameter
α scales all the non-linear terms of Gσ. For the 1-loop
computation we need only the linear and quadratic terms
which we find to be:
Gσ ≈ hµσ,µ −
1
2
hµµ,σ − α
(
hµνhσµ,ν − 1
2
hµνhµν,σ
)
. (3)
Here, and later, we use the comma-notation for partial
derivatives.
The classical equations of motion δS = 0 depend on
both gauge parameters. First, we will focus on the depen-
dence on the covariant parameter. We get the equations
of motion
Gµν +
1
ξ
Hµν = − κ
2
4
Tµν , (4a)
√−gHµν = αGρΓραβgαµgβν +
(
Iµνρκ I
σκ
αβ −
1
2
δσρ I
µν
αβ
)
×∂σ
(
Gρ
(
ηαβ + α(gαβ − ηαβ))) , (4b)
where in Eq. (4b) indices on Gσ are raised with the
flat space metric. We use the standard notation Iµναβ =
1
2 (δ
µ
αδ
ν
β + δ
µ
βδ
ν
α) and, later, Pµναβ = Iµναβ − 12ηµνηαβ from
[10, 20]. In Eq. (4a), Gµν is the Einstein tensor, Tµν
is the energy-momentum tensor of matter, and Hµν is
a Lorentz covariant tensor which depends on the gauge
fixing function Gσ in such a way that Gσ = 0 implies
Hµν = 0. The tensor Hµν is independent of ξ and hence
all dependence on ξ is explicit in Eq. (4a). Like Gσ, the
tensor Hµν is not general covariant and it breaks the
general covariance of the Einstein equations.
It is not clear that the classical limit described by
Eq. (4a) is independent of ξ. However, taking the co-
variant derivative on both sides gives some indication in
this direction. Since both DµG
µν = 0 and DµT
µν = 0
we get as a consequence of Eq. (4a) that
DµH
µν = 0 . (5)
which we interpret as the classical gauge condition.
It is clear that the equation Gσ = 0 implies Eq. (5).
From a perturbative expansion of Eq. (5) in GN we make
the opposite conclusion as well, that Gσ = 0 is implied by
Eq. (5). At each order in the perturbative expansion we
find that ∂2G
(n)
σ is given by earlier terms in the expan-
sion. Starting from the exact equation ∂2G
(1)
σ = 0, we
conclude thatG(1) = 0 and by induction that ∂2G
(n)
σ = 0.
Finally we conclude that Gσ = 0.
From Gσ = 0 it follows that H
µν = 0. Clearly solu-
tions to Eq. (4a) are then independent of ξ. This con-
clusion should not be surprising since if we at all hope
to find a metric it should satisfy the Einstein equations
and then Hµν is forced to vanish as well. The conclusion
is that Eq. (4a) is equivalent to classical general relativ-
ity with the gauge coordinate-condition Gσ = 0. In this
paper we explicitly verify that the metric is independent
of ξ and obeys the condition Gσ = 0 to second order in
GN .
The two gauge parameters ξ and α play very differ-
ent roles. The covariant gauge parameter ξ appears only
during intermediate steps and the classical metric is in-
dependent of ξ. During the calculation, however, it is
convenient to separate quantities into parts according to
their dependence on ξ. The parameter α is introduced
to describe an entire family of classical gauge choices.
The classical limit then depends on α since the gauge
condition Gσ = 0 does.
To derive the Feynman rules we expand the action
around flat space-time in hµν . Since the linear term of
the gauge function Gσ is independent of α, the quadratic
3term in the action S will also be independent of α. From
the quadratic term in S we derive the graviton propaga-
tor in covariant de Donder gauge in momentum space:
iGµναβ
q2 + i
=
i
q2 + i
(
P−1µναβ − 2(1− ξ)Iµνρκ
qρqσ
q2
Iκσαβ
)
. (6)
Here P−1µναβ is the inverse operator to Pµναβ which is the
well known de Donder propagator
P−1µναβ = Iµναβ −
1
D − 2η
µνηαβ , (7)
to which the covariant propagator reduces for ξ = 1.
For other values of ξ a new momentum-dependent term
appears in the propagator. Later, it will be convenient to
separate the propagator into two terms, one independent
of ξ and the other linear in ξ.
Expanding the action in hµν generates terms with an
arbitrary number of gravitons. For the 1-loop calculation
only the φ2h and h3 vertices are necessary. These are
included in appendix A. We note, however, how the ver-
tices in general depend on the gauge parameters ξ and α.
The coupling of h to φ is independent of the gauge fixing
and hence the vertices φ2hn as well. The graviton self-
interaction vertices can conveniently be separated into
two terms, one independent of ξ and one linear in 1ξ . As
for the terms linear in 1ξ these can then be divided into
terms linear or quadratic in α.
III. DIAGRAM EXPANSION OF THE
SCHWARZSCHILD-TANGHERLINI METRIC
It is an exciting idea that the Schwarzschild-
Tangherlini metric can be computed from scattering am-
plitudes and Feynman diagrams [1, 2]. Since the met-
ric is not a gauge-invariant object, the relevant dia-
grams cannot be gauge-invariant either and they will in-
clude an external graviton. In this section we derive the
Schwarzschild-Tangherlini metric from the exact vertex
function of a massive scalar emitting a graviton. This
amplitude is shown in figure 1. In the classical limit, dia-
grams with an arbitrary number of loops still contribute
and loops correspond to orders in GN .
k
k − q q
µν
FIG. 1. A massive scalar emits a graviton. The diagram
represents the exact vertex function, iMµνvertex. In the classical
limit, it acts as the source of the metric.
We put the incoming scalar on-shell so that k2 = m2.
The amplitude is then multiplied together with a δ-
function δ(kq) which, in the classical limit, puts the out-
going scalar on-shell as well. The graviton is not on-shell,
although in the classical limit where ~→ 0 we have that
q2 → 0. In this limit, when ~ is reintroduced as a dimen-
sionful parameter and sent to zero, it becomes relevant
to distinguish wavelengths from classical momenta. The
scalar momenta are taken as classical momenta while the
graviton momenta should be considered as wavelengths.
This makes them scale with ~ so that the momentum
of the external graviton qµ goes to zero while the scalar
momentum kµ stays finite. This analysis applies to inter-
mediate particles as well where graviton loop momenta
lµ → 0. See [4, 16] for detailed discussions of the classical
limit.
The Lorentz covariance of the perturbative quantum
field theoretic framework invites us to work in an arbi-
trary inertial frame. It will be convenient then to in-
troduce a notation which separates tensors into parallel
and orthogonal parts with respect to the point particle
momentum kµ. We introduce the following projection
operators
η‖µν =
kµkν
m2
, (8a)
η⊥µν = ηµν −
kµkν
m2
, (8b)
and use similar symbols to signify projection with respect
to these. This notation is similar to that in [12]. These
operators are particularly simple in the inertial frame of
kµ where they are diagonal and represent the time- and
space components of ηµν respectively. Our definition of
the Fourier transform between position and momentum
space will be that of relativistic quantum field theory.
In the classical limit we can interpret the amplitude
in figure 1 as the source of the metric, hµν , generated
from the point particle and the surrounding gravitational
field. The source of hµν , that is Mµνvertex, is combined of
an energy-momentum pseudo-tensor and a gauge fixing
term. In the classical limit, we get
2piδ(kq) Mµνvertex = −κ τ˜µν(q) +
1
ξ
2piδ(kq)Mµνgf , (9)
where τ˜µν(q) and Mµνgf are independent of ξ. As ex-
plained, the δ-function δ(kq) puts (k − q)µ on-shell and
enables us to relate Mµνvertex to τ˜µν(q) which is the to-
tal energy-momentum tensor of matter and gravitation
in momentum space. This tensor is e.g. discussed in
[18, 19]. It is locally conserved and therefore obeys
qµτ˜
µν(q) = 0. To zeroth order, it is given by the point
particle energy-momentum tensor of special relativity,
and loop-corrections describe energy-momentum from
the surrounding, self-interacting gravitational field.
It is not clear that, in the classical limit, the depen-
dence on ξ ofMµνvertex can be reduced to that of the simple
expression in Eq. (9), since each graviton self-interaction
4vertex includes a factor 1ξ and each graviton propaga-
tor a factor ξ. However, due to several cancellations,
all powers of ξ different from 1ξ disappear in the classi-
cal limit. Looking at the classical equation of motion,
δS = 0, Eq. (4a) we see that Mµνgf corresponds to the
non-linear part of the gauge-breaking term Hµν in mo-
mentum space:
2piδ(kq)Mµνgf = −
4
κ
H˜µνnon-linear . (10)
To get the metric, we solve the classical equation δS = 0
by contracting Mµνvertex with the graviton propagator
Eq. (6). Finally we can go to position space with a
Fourier transform to get the Schwarzschild-Tangherlini
metric:
gµν = ηµν − κ
2
∫
dDq δ(kq) e−iqx
(2pi)D−1
Gµναβ
q2
Mαβvertex . (11)
This exciting equation relates the metric from classical
general relativity to the scattering amplitude, Mαβvertex,
to all orders in GN .
Although both the vertex function and the graviton
propagator depend on ξ, the metric does not. This is
due to the Einstein equations combined with the gauge
condition Gσ = 0 both of which are exact in the clas-
sical limit. If we separate the graviton propagator into
two parts according to ξ, Gµναβ = (G
c + ξGgf )µναβ as in
Eqs. (A6) we find that the following combinations van-
ish, Ggf τ˜ = 0 and GcMgf = 0, where we have omitted
indices. These two equations correspond to the Einstein
equations and the gauge condition, respectively, and se-
cure that ξ disappears from the metric. Using these re-
lations, we get an expression for hµν independent of ξ in
momentum space:
h˜µν =
P−1µναβ
q2
(κ2
2
τ˜αβ + 2H˜αβnon-linear
)
. (12)
In this equation and in Eq. (11) indices on the propagator
was lowered with the flat space metric.
Let us compare Eq. (12) with the approach in [18].
There, loop-corrections to τ˜µν was calculated in D = 4
with the background field method and the metric was ob-
tained in harmonic gauge by solving the classical Einstein
equations with the non-linear harmonic gauge condition
Γσµνg
µν = 0 which meant that a gauge-dependent term
was added to the energy-momentum tensor. In our ap-
proach the gauge-dependent term is already included in
the amplitude in the form of Hµνnon-linear and this tensor
exactly corresponds to their gauge-dependent correction
to τ˜µν .
Eq. 12 is particularly simple in de Donder gauge where
α = 0. In this gauge
√−gHµν is linear in hµν which im-
plies that Hµνnon-linear = 0 so that the second term on the
right hand side disappears. Thus in de Donder gauge,
the graviton hµν couples directly to the local energy-
momentum tensor τµν . In general the linear gauge of
α = 0 is special since then, the ξ-dependence of the
graviton self-interaction vertices disappear. In this case
“Landau gauge” ξ → 0 is possible.
As an example we will first compute the tree-level con-
tribution toMµνvertex from which we derive the first order
correction to the metric. Afterwards we will focus on the
1-loop contribution, where gravitational self-interactions
first appear, which gives the (GN )
2 metric contribution.
A. Tree Level: Newton Potential in Arbitrary
Dimensions
As a simple example we compute the first order New-
ton correction to the Schwarzschild-Tangherlini metric.
This comes from the tree diagram where a single gravi-
ton is connected to the scalar line. We get, in the classical
limit, iMµνtree = −iκkµkν , where we have used the same
labeling of momenta as in figure 1 and the hφ2 vertex
rule from appendix A and neglected factors of qµ. This
amplitude is independent of the gauge-parameters and
for τ˜µν we find to zeroth order that τ˜µν ≈ 2piδ(kq)kµkν .
This is indeed conserved qµτ˜
µν = 0 and reproduces, in
position space, the simple energy-momentum tensor of
an inertial point particle. Using Eq. (11) we propagate
the tree-amplitude and go to position space to get the
Newton potential in arbitrary dimensions:
h(1)µν = −
µ√−x2⊥D−3
(
η‖µν −
1
D − 3η
⊥
µν
)
. (13)
We use the Lorentz covariant notation of Eqs. (8). The
Schwarzschild-Tangherlini parameter µ is
µ =
16piGNm
(D − 2)ΩD−2 , (14)
where Ωd−1 is the surface area of a sphere in d-
dimensional space and Ωd =
2
√
pid+1
Γ((d+1)/2) . The first order
metric in Eq. 13 agrees with the results in [12, 14]. It is
independent of both ξ, as expected, and α since α only
enters in the self-interaction vertices.
B. One-Loop Contribution to the Metric
The (GN )
2 contribution to the metric comes from the
triangle 1-loop diagram in figure 2. Other 1-loop dia-
grams do not contribute with non-analytic classical terms
[2]. This diagram depends on both gauge parameters al-
though ξ disappears in the metric.
The triangle loop-integrals relevant for this amplitude
have been treated in detail in [2, 11]. In the classical
limit, they can be reduced to a very simple convolution
integral. To do this, we first integrate away the mas-
sive propagator with the time-like component l‖
σ. As a
result, the single scalar line is effectively split into two
independent scalar lines, that is, two tree-diagrams are
5k − q
l + q
k + l
k
l
q
µν
FIG. 2. Feynman triangle diagram. The solid line is a massive
scalar and wiggly lines are gravitons.
attached to the cubic vertex. The remaining (D − 1)-
dimensional integral over the space-like vector l⊥σ is a
convolution of the two tree diagrams, which in position
space is simple multiplication. In other words, in po-
sition space the diagram is reduced to a local, second-
derivative, quadratic function of h
(1)
µν . This is the first
gravitational correction to the energy-momentum tensor
τ˜µν and the gauge-breaking term H˜µνnon-linear. Performing
the computation we get:
τ˜µν1-loop = −2piδ(
kq
m
)
κ2m2ΩD−3
√
−q2D−3
64 cos(pi2D)(4pi)
D−3
(
D − 7
D − 2η
µν
‖ −
(D − 3)(3D − 5)
(D − 2)2
(
ηµν⊥ −
qµqν
q2
))
, (15a)
H˜µν1-loop = −α
κ2
2
2piδ(
kq
m
)
κ2m2ΩD−3
√
−q2D−3
64 cos(pi2D)(4pi)
D−3
D − 3
D − 2
(
ηµν − 2 q
µqν
q2
)
. (15b)
These expressions are Lorentz covariant and valid in any
dimension. However, the factor cos(pi2D) in the denomi-
nator makes them diverge in odd dimensions. It is not a
problem, however, because the divergent term is analytic
since it is proportional to an integer power of q2. Such
analytic terms describe local corrections to the metric.
When the divergent term is neglected a finite logarith-
mic dependence on q2 remains. In the end, this only has
significance in D = 5 where a logarithm appears in po-
sition space. We will discuss the divergence in detail in
Sec. IV.
Clearly, τ˜µν1-loop is locally conserved which implies that
Ggf τ˜1-loop vanishes as expected from the discussion above
Eq. (12). It is a straightforward check that GcH˜1-loop
disappears as well. This verifies that the metric is inde-
pendent of ξ to second order in GN . At one-loop order
Hµν is linear in α while τµν is independent of α. Going
to higher orders in GN we would expect α to appear to
any integer power in both Hµν and τµν .
When we go to position space we distinguish the two
cases D 6= 5 and D = 5. In the final part of this section
we treat D 6= 5 and in Sec. IV we focus on D = 5. We
use Eqs. (11) and (12) to transform to position space and
get:
h(2)µν =
µ2
r2(D−3)
(
1
2
η‖µν −
(4α− 3)D − 8α+ 5
4(D − 5)
x⊥µ x
⊥
ν
x2⊥
−2(1− α)D
2 − (13− 10α)D + 25− 12α
4(D − 3)2(D − 5) η
⊥
µν
)
. (16)
Here, r2 = −x2⊥. The pole in D = 5 makes it evident
that, in this dimension, the amplitude was not regular-
ized correctly before the Fourier transform. This met-
ric satisfies Gσ = 0 to second order in GN as expected
(see Eq. (B6) where Gσ is expanded to second order in
GN ). A generally useful formula to perform the relevant
Fourier transforms is∫
ddq⊥
(2pi)d
e−ix⊥q⊥(−q2⊥)
n
2 =
2n
√
pi
d
Γ(d+n2 )
Γ(−n2 )
1
(−x2⊥)
d+n
2
,
(17)
which is also found in [12].
In de Donder gauge where α = 0 we find agreement of
Eq. (16) with [12] in any dimension.1 For harmonic gauge
α = 1 we know only of any comparison in D = 4 e.g. [19].
For general α we have made an independent derivation in
appendix B with methods from classical general relativity
and we find agreement.
We can choose any value for α and we can e.g. use
this freedom to remove the coefficient of η⊥µν . The special
choice of α = 56 removes the pole in D = 5, which will
explained in the next section.
IV. APPEARANCE OF LOGARITHMS IN THE
PERTURBATIVE EXPANSION
In this section we will focus on the divergences of
Eqs. (15) and how this leads to a logarithmic term in
the metric in D = 5. We will explain why this term ap-
pears and learn that besides D = 5 logarithmic terms are
only expected in D = 4.
The divergence in Eqs. (15) comes from the factor
cos(pi2D) in the denominator in odd dimensions. To an-
alyze these divergences we use the dimensional regular-
ization scheme and take the limit where the dimension
1 Note, that there is a misprint in the fourth line of their Eq. (5.34)
where (D− p− 3)2 should be replaced by (D− p− 3). We thank
Paolo Di Vecchia for confirming this.
6goes near odd integer values, so that D = 5 + 2n + 2
where n is an integer and  is infinitesimal. As explained,
the pole in  is an analytic function of q2, namely (−q2)n
(after multiplying Eqs. (15) by the propagator), which
describes local corrections to the metric. However, the
finite term includes a non-analytic, logarithmic depen-
dence on q2 which describe long-range classical physics.
This results in the following prescription to remove the
divergence in odd dimensions
√
−q2D−3
cos(pi2D)
→ (−1)D−32 (−q
2)
D−3
2 ln(−r20q2)
pi
, (18)
where r0 is an arbitrary scale which is introduced from
the dimensional dependence of GN . With this replace-
ment Eqs. (15) are finite in all dimensions.
In principle it would be necessary to separate Eqs. (15)
into two expressions for even/odd dimensions before go-
ing to position space. However, all cases but D = 5 can
be treated simultaneously because the analytic functions
can be neglected with dimensionally regularized integrals
such as Eq. (17) which gives the Fourier transform of
(−q2⊥)n/2. In this equation it is seen that when n2 is an
integer so that we are transforming an analytic function,
the result is zero.
In Eq. (16) the pole in D = 5 comes from the integral
∫
dDq δ(kqm ) e
−iqx
(2pi)D−1
ΩD−3
√
−q2D−5
(4pi)D−3 cos(pi2D)
qµqν
q2
= −
( 2
ΩD−2(D − 3)
√−x2⊥D−3
)2 1
D − 5
(
η⊥µν − 2(D − 3)
x⊥µ x
⊥
ν
x2⊥
)
, (19)
which is valid only in D 6= 5. We will now compute
this integral in D = 5 by using the replacement rule in
Eq. (18).
The logarithmic dependence on q2 in Eq. (18) can be
rewritten in terms of powers of q2 with
ln(−q2) = 1

(
(−q2) − 1
)
, (20)
where  is infinitesimal. The Fourier integral Eq. (17) can
now be used. Using these tools, we get that in D = 5 the
integral corresponding to Eq. (19) becomes:∫
d5q δ(kqm ) e
−iqx
(2pi)4
ln(−r20q2)
qµqν
q2
=
1
2pi2
√−x2⊥4 (21)
×
(
η⊥µν − 6
x⊥µ x
⊥
ν
x2⊥
−
(
η⊥µν − 4
x⊥µ x
⊥
ν
x2⊥
)
ln(−x
2
⊥e
2γ
4r20
)
)
.
Here γ is the Euler-Mascheroni constant which can be
removed by a redefinition of r0. This integral is respon-
sible for the appearance of a logarithmic dependence on
the radial variable in D = 5.
Using Eq. (21) we can compute the second order metric
in D = 5. After a redefinition of r0 we get:
h(2)µν =
µ2
r4
(1
2
η‖µν −
2(6α− 5) ln rr0 − 1
16
η⊥µν
+
(6α− 5)(4 ln rr0 − 1)
8
x⊥µ x
⊥
ν
x2⊥
)
. (22)
Again, r2 = −x2⊥. We have not found this result in earlier
literature, although a similar situation occurs in D = 4
at third order in GN in de Donder gauge [3]. In both
cases a logarithmic dependence on the radial coordinate
appears. We will see that exactly in these two cases, this
is expected, and that even to higher orders of GN we
would not expect logarithms to appear in D ≥ 6. We
have compared Eq. (22) with an independent derivation
in appendix B and find agreement.
Note that we can make the logarithm disappear with
the special choice α = 56 . The arbitrary scale, however,
would in principle still be there. In analogy, in D = 4
we know that for α = 1 in harmonic gauge there is no
logarithms.
The arbitrary scale corresponds to a redundant gauge
freedom. It is well know from linearized gravity that even
after choosing de Donder gauge, we can still translate the
coordinates with σ as long as it is a harmonic function,
∂2σ = 0. In our situation the relevant coordinate trans-
formation is
xµ → xµ + βµ
2
r4
xµ⊥ + ... (23)
which does not change our gauge since (xσ⊥/r
4) is a har-
monic function (when r 6= 0). At higher orders in GN
this coordinate transformation gets corrected which is in-
dicated by the ellipsis. Choosing β in Eq. (23) appropri-
ately makes the coordinate transformation equivalent to
a scaling of the arbitrary parameter r0 → γr0 in Eq. (22).
Thus, the arbitrary parameter in the metric in D = 5 is
unproblematic and is related to the coordinate system
not being completely specified yet.
In arbitrary space-time dimensions the equivalent
transformation would be xσ⊥/r
D−1 which is a harmonic
function. In any dimension we would be able to intro-
duce an arbitrary parameter with such a transformation.
However, only in D = 4 or D = 5 does this lead to the
appearance of logarithms in the metric. This is due to
the fact that only in these dimensions, such a transfor-
mation would be possible using the dimensions of µ. In
D = 5 it is accompanied by µ2 while in D = 4 we get
µ3 so that the logarithms appear respectively at second
and third order. In other dimensions the transformation
would have to be scaled by fractional powers of µ.
7V. CONCLUDING REMARKS
We have analyzed the problem of deriving the
Schwarzschild-Tangherlini metric from scattering ampli-
tudes in detail. We calculated the metric to second order
in GN and explicitly verified our general conclusions to
this order. These include that the metric is independent
of the covariant parameter ξ, that it obeys the classical
gauge condition Gσ = 0, and that it simply is the Fourier
transform of the exact three-point vertex of a scalar emit-
ting a graviton after propagation by the graviton propa-
gator.
In D = 5 a logarithmic dependence appeared in posi-
tion space analogous to the case in D = 4 at third or-
der in GN [3]. We analyzed this curious phenomenon in
terms of redundant gauge freedom and coordinate trans-
formations. This freedom makes it possible to introduce
an arbitrary parameter in any dimension, though only in
the two cases D = 4 and D = 5 does it lead to logarith-
mic terms in the metric.
The full all-order expansion of the Schwarzschild-
Tangherlini metric from scattering amplitudes is still to
be performed explicitly. This requires an inductive re-
lation between the loop amplitudes at different orders.
Already several exciting simplifications are known [2]. A
logical continuation is to analyze the analogous problem
for particles with spin and eventually look at quantum
corrections [9, 18]. Also, it would be interesting to con-
tinue investigations into solutions in classical general rel-
ativity in perturbative gauges such as the de Donder and
harmonic gauges.
ACKNOWLEDGMENTS
I want to thank Poul Henrik Damgaard and Emil
Bjerrum-Bohr for helpful discussions and comments.
Appendix A: Feynman Rules
The Feynman rules in covariant de Donder-type gauge
are derived in similar fashion as other gauge choices such
as the background field method in D = 4 [10, 20] and
supergravity in de Donder gauge in arbitrary dimensions
[12].
We use the path integral method and expand the met-
ric around flat space-time gµν = ηµν + κhµν . We raise
and lower all indices in this section with ηµν = ηµν and
use the standard notations Iµναβ =
1
2 (η
µ
αη
ν
β + η
µ
βη
ν
α) and
Pµναβ = Iµναβ − 12ηµνηαβ . The terms in the action which
are relevant for the one-loop computation are h2, φ2, hφ2
and h3. Expanding the action from Eq. (1) in hµν , we
get
S ≈ 1
2
∫
dDx h,ρµν
(
δρσPµναβ − 2(1−
1
ξ
)PµνρκPσκαβ
)
hαβ,σ
+
1
2
∫
dDx
(
∂σφ∂σφ−m2φ2
)
−κ
2
∫
dDx
(
hµν∂µφ∂νφ− 1
2
hµµ(∂
νφ∂νφ−m2φ2)
)
+κ
∫
dDx Uµν αβρ γδσhµνhαβ,ρhγδ,σ , (A1)
where we have introduced the tensor Uµν αβρ γδσ to de-
scribe the cubic graviton vertex. This tensor can be read
off from the expression
Uµν αβρ γδσhµνhαβ,ρhγδ,σ = −hµνhρµ,σhν,σρ
+hµνh
ν
µ,ρh
,ρ − hµνhν,σµ hρσ,ρ − hνµhµσ,νh,σ + 2hµνhσ,νρ hρµ,σ
hµνPαβµν
(
hσα,ρh
ρ
β,σ − h,αhρβ,ρ −
1
2
hσρ,αh
ρ
σ,β +
1
2
h,αh,β
)
+
α
ξ
hµνPρσαβhαβ,σ
(
− 2hµ,νρ + hµν,ρ
)
, (A2)
where we require that it is symmetric in µν, αβ, γδ and
αβρ ↔ γδσ. Here, we have used the notation h = hνν .
The gauge dependence of the vertex is included in the
final line of Eq. (A2).
We derive the graviton propagator by inverting the
quadratic operator in the h2 term of the action. In mo-
mentum space, this term reads
Sh2 =
1
2
∫
dDl
(2pi)D
h˜ †µν l
2 ∆µναβ h˜
αβ , (A3)
where
∆µναβ = Pµναβ − 2(1−
1
ξ
)Pµνρκ
lρlσ
l2
Pκσαβ , (A4)
is a tensor depending on both the momentum lµ and the
covariant gauge parameter ξ. We invert the tensor and
for (∆µναβ)
−1, we find
Gµναβ = P−1
µν
αβ − 2(1− ξ)Iµνρκ
lρlσ
l2
Iκσαβ , (A5)
so that Gµναβ∆
αβ
γδ = I
µν
γδ . Here, P−1 is the inverse operator
to P defined in Eq (7). To understand the structure
of these operators better it is advantageous to separate
them into parts according to the dependence on ξ, so that
G = Gc + ξGgf and ∆ = ∆c +
1
ξ∆gf . The parts turn out
to be:
Gc
µν
αβ = P−1
µν
αβ − 2Iµνρκ
lρlσ
l2
Iκσαβ , (A6a)
∆c
µν
αβ = Pµναβ − 2Pµνρκ
lρlσ
l2
Pκσαβ , (A6b)
Ggf
µν
αβ = 2I
µν
ρκ
lρlσ
l2
Iκσαβ , (A6c)
∆gf
µν
αβ = 2Pµνρκ
lρlσ
l2
Pκσαβ . (A6d)
8And they obey simple identities
∆c Ggf = ∆gf Gc = 0 , (A7a)
∆ G = ∆c Gc + ∆gf Ggf = I , (A7b)
in which we have left out indices, but matrix multiplica-
tion is understood. The graviton propagator is then
i
l2 + i
Gµναβ , (A8)
and the scalar propagator il2−m2+i .
The hφ2 vertex is relatively simple:
p
k
p− k
µν = −iκ
2
(
pµkν + kµpν − ηµν(pk −m2))
And the h3 vertex:
k
p q
µν
αβ
γδ
= −2iκ
(
Uµν αβρ γδσpρkσ
+ Uαβ γδρ µνσkρqσ
+ Uγδ µνρ αβσqρpσ
)
Appendix B: Classical derivation of the
Schwarzschild-Tangherlini metric in de Donder-type
coordinates
We perform an independent calculation of the
Schwarzschild-Tangherlini metric in de Donder-type co-
ordinates that satisfy Gσ = 0. We change coordi-
nates from the standard Schwarzschild-Tangherlini met-
ric in spherical coordinates to new cartesian-like coordi-
nates which we determine perturbatively to obey the de
Donder-type gauge condition. The method is analogous
to that in Weinberg [19] for harmonic gauge in D = 4.
In standard coordinates, the Schwarzschild-
Tangherlini metric is given by (see e.g. [14]):
dτ2 = (1− µ
Rn
)dt2 − 1
1− µRn
dR2 −R2dΩ2D−2 . (B1)
Here n = D − 3 and µ is the Schwarzschild-Tangherlini
parameter from Eq. (14). The Schwarzschild-Tangherlini
metric solves the Einstein equations in arbitrary dimen-
sions D.
We change the radial coordinate R into a new one r
and then go to cartesian coordinates with respect to r.
We determine the relationship between r and R(r) per-
turbatively so that the cartesian-like coordinates obey
the gauge condition Gσ = 0. The metric in terms of the
new coordinates in the inertial frame of the point particle
is
dτ2 = Bdt2− 1
B
dR2
dr2
(
~xd~x
r
)2−R
2
r2
(
d~x2−(~xd~x
r
)2
)
, (B2)
where B = 1 − µRn and r2 = |x|2. We generalize to the
covariant notation of Eqs. (8) and get
gµν = Bη
‖
µν +
R2
r2
η⊥µν + (
1
B
dR2
dr2
− R
2
r2
)
x⊥µ x
⊥
ν
x2⊥
, (B3)
where now r2 = −x2⊥. We expand the Schwarzschild-
Tangherlini radial coordinate R in terms of the new co-
ordinate r in powers of µ:
R = r
(
1 + a
µ
rn
+ b
(
a
µ
rn
)2
+ ...
)
. (B4)
Where a and b are to be determined by the condition
Gσ = 0. As we will see, this expansion is not suffi-
cient in D = 5 and the coefficient b has to changed
b → b0 + b1 ln rr0 . For now we will ignore D = 5 and
continue. Inserting our expansion of R into the metric
Eq. (B3) we get an expansion of the metric depending on
the coefficients a and b:
gµν = ηµν + h
(1)
µν + h
(2)
µν + ... (B5)
The gauge fixing function is expanded similarly
Gσ ≈ h(1)µσ,µ −
1
2
h(1)
µ
µ,σ (B6)
+h(2)
µ
σ,µ −
1
2
h(2)
µ
µ,σ − α
(
hµν(1)h
(1)
σµ,ν −
1
2
hµν(1)h
(1)
µν,σ
)
,
where the first line is the first order term and the second
line the second order term. Perturbatively Gσ = 0 means
that each line vanishes by itself. The first order term of
Gσ determines the coefficient a. We compute h
(1)
µν in
terms of a
h(1)µν =
µ
rn
(
− η‖µν + 2aη⊥µν −
(
2na− 1) x⊥µ x⊥ν
x2⊥
)
, (B7)
from which we find the first order gauge condition
h(1)
µ
σ,µ −
1
2
h(1)
µ
µ,σ =
µ
rn+1
(2na− 1)x
⊥
σ
r
, (B8)
so that Gσ = 0 means a =
1
2n . Eq. (B7) then agrees with
our tree-level result.
Going to second order we find an expression for h
(2)
µν in
terms of b:
h(2)µν =
µ2
r2n
(1
2
η‖µν +
2b+ 1
4n2
η⊥µν −
4b+ n− 2
4n
x⊥µ x
⊥
ν
x2⊥
)
.
(B9)
The second order gauge condition reads:
h(2)
µ
σ,µ−
1
2
h(2)
µ
µ,σ = α
(
hµν(1)h
(1)
σµ,ν−
1
2
hµν(1)h
(1)
µν,σ
)
. (B10a)
9For the right hand side we find
hµν(1)h
(1)
σµ,ν −
1
2
hµν(1)h
(1)
µν,σ = −
µ2
r2n+1
n+ 1
2
x⊥σ
r
, (B10b)
and the left hand side:
h(2)
µ
σ,µ −
1
2
h(2)
µ
µ,σ = −
µ2
r2n+1
n2 + 1 + (n− 2)b
2n
x⊥σ
r
.
(B10c)
Combining Eqs. (B10) we determine b to be:
b =
−(1− α)n2 + αn− 1
n− 2 . (B11)
We see that b diverges in D = 5 which means our choice
of expansion of R(r) must be changed in D = 5. Inserting
b into h
(2)
µν in Eq. (B9) produces the same result as our
one-loop computation for D 6= 5.
1. Appearance of a Logarithm in D = 5
In D = 5 it is necessary to generalize the expansion of
R in terms of r. We change Eq. (B4) into
R = r
(
1 + a
µ
rn
+ (b0 + b1 ln
r
r0
)
(
a
µ
rn
)2
+ ...
)
, (B12)
where we have let b→ b0 + b1 ln rr0 . We repeat the anal-
ogous steps as above with the new expansion of R. For
example Eq. (B10c) changes into
h(2)
µ
σ,µ −
1
2
h(2)
ν
ν,σ = −
µ2
r2n+1
x⊥σ
r
(n2 + 1 + (n− 2)b
2n
−3n− 2
4n2
b1
)
, (B13)
where b = b0+b1 ln
r
r0
. The second order gauge condition
Eq. (B10a) becomes:
(n− 2)b− 3n− 2
2n
b1 = αn(n+ 1)− n2 − 1 (B14)
This equation is identical to the one that determined b
above in Eqs. (B10) only that the term with b1 is new and
that b now includes a logarithmic term. For D 6= 5 we are
forced to remove the logarithmic dependence in b so that
b1 = 0. However, in D = 5 we find that b1 = 5− 6α 6= 0
while both b0 and r0 are arbitrary. We compute h
(2)
µν in
terms of b0 and b1 for D = 5
h(2)µν =
µ2
r4
(1
2
η‖µν +
2b+ 1
16
η⊥µν −
4b− b1
8
x⊥µ x
⊥
ν
x2⊥
)
, (B15)
where again b = b0 + b1 ln
r
r0
. Inserting b1 = 5− 6α and
b0, r0 arbitrary produces the same result as our 1-loop
calculation for D = 5.
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